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Stability Considerations for Variable Impedance Control
Klas Kronander∗ and Aude Billard∗
Abstract—Impedance control is a commonly used control architecture
for robotic manipulation. For increased flexibility, the impedance can be
programmed to vary during the task. This has important implications on
the stability properties of the control system, which are often overlooked
in practice. In fact, the standard stability analysis is not valid in the
case that the impedance parameters vary over time. Simulations show
that depending on how the impedance parameters are varied, stable or
unstable behavior can arise even in regulation without contact. In this
paper, we elucidate this issue and propose a state-independent stability
constraint that relates the stiffness, and the time derivative of the stiffness
and damping. Our approach is illustrated and evaluated in comparison
with an online stabilization method [8] which uses a tank-based stability
criterion.

I. I NTRODUCTION
Impedance control [11] is a suitable control architecture to improve performance of robotic manipulation in many situations where
traditional control paradigms are prone to failure. Examples include
tasks with uncertain pose estimates of manipulated objects, physical
contact and tasks in which it is important to respond appropriately
to unforeseen perturbations [28]. Recently, many researchers have
explored the benefit of varying the impedance during the task
[4, 18, 17, 5, 29]. Variable impedance control allows not only to
control the dynamic relationship between external forces and robot
movements, but in addition gives the flexibility to change these
dynamics in a continuous manner during the task.
Variable impedance control requires more complex task models
than position controlled or fixed impedance controlled systems, as
the impedance profile must be represented in addition to position
(and possibly force) information. Several works have addressed the
problem of the specification of varying impedance through geometrical task information [20], Optimal Control [21, 3, 9], Learning by
Demonstration [5, 18], Reinforcement Learning [17, 23, 4] and imitation of human impedance [13, 1]. These works have demonstrated
the usefulness of variable impedance control, and suggested several
different methods for defining or learning impedance profiles for
tasks. However, none of these works address the issue of guaranteeing
stable execution of learned tasks with variable impedance.
Impedance control can be realized in joint, Cartesian or other
task-specific coordinates. The impedance objective can be achieved
in different ways, e.g. actively on torque-controlled backdrivable
manipulators or passively through placement of elastic elements
between the actuators and the joints [10, 2, 22]. With constant gains,
impedance control makes the closed-loop system passive and hence
passive (and stable) in interaction with passive environments [12, 7].
However, the passivity property is lost if arbitrary variations of the
impedance parameters are allowed.
Adaptive control is a powerful means of adapting unknown model
parameters for feed-forward controllers [27]. There are also adaptive
controllers that result in varying feedback gains, and design the
adaptation laws of the feedback gains so as to prove stability [29].
Adaptive control has also been used to improve force tracking in
impedance control with stability guarantee [14]. Such adaptation
laws then generate a variable impedance profile online as a result
of how the task unfolds. Unlike the adaptive control approach, which
uses adaptation rules to vary the gains to achieve stability, our work
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Fig. 1. The block diagram illustrates two different approaches to guarantee
stability of varying impedance systems. The method proposed in this paper
consists of a state independent task model verification that can be carried out
offline. The alternative approach involves online computation of an energy
function and limitation of the impedance variations so as to ensure monotonic
decline.

is concerned with the analysis of variable impedance profiles that
already exist prior to task execution.
As in variable impedance control, varying feedback gains arise in
gain scheduling control design. Gain scheduling is a family of control
design techniques aimed at applying linear controller design to nonlinear systems. The process starts by deriving local linearizations
around certain operating points of interest. Then, linear controllers
with fixed gains are designed for each of these linearizations. Finally
the controller is achieved by interpolating these feedback gains as the
system transitions between the operating points, resulting in varying
feedback gains [24]. Gain scheduling relies on applying rules-ofthumb such as slow parameter variations, and extensive simulation is
required to investigate global stability and performance of the closedloop system. Even though there are methods that quantify ’slow
variations’ in certain cases [25], these results do not apply to our case.
In contrast to gain scheduling, which is concerned with finding gain
schedules to achieve certain criteria in non-linear control problems,
we address the problem of guaranteeing the stability of an already
existing trajectory of varying feedback gains. Our problem setting
hence is different, since we start with a desired variable impedance
and want to verify that it can be executed without loosing stability.
There is hence a need for analysis or control methods that can
guarantee stable execution of variable impedance tasks. This issue
has been recently addressed in [8], wherein a tank-based approach
to passive varying stiffness was proposed. Their system uses the
total energy of the manipulator (kinetic plus virtual potential energy
coming from stiffness term), but does not constrain this function
to strictly decrease. Instead, any dissipated energy is added to a
virtual energy tank, from which energy can be extracted in order
to implement stiffness variations. The tank is given an initial level
of energy and a maximum allowed level of energy. These levels
determine to what extent the system will accept stiffness variations.
This is an elegant approach based on a sound energy-based idea.
However, it has two important shortcomings: 1) It depends on the
state of the robot, with the consequence that one cannot guarantee
beforehand the execution of a desired impedance profile 2) The
performance depends strongly on the intial and threshold levels of
energy in the tank1 . Our aim with this work is to provide a stability
condition for varying stiffness and damping that is state independent.
The most important practical advantage of such a constraint is that
it can be verified offline, before execution of the task. Any standard
1 For example, practically unstable behavior can emerge by setting the levels
very high

2

impedance control architecture can subsequently be used for task
execution, with a reassuring guarantee that the system cannot go
unstable. The two different approaches are illustrated in Fig. 1.
We focus on variable stiffness and damping, which are the
impedance parameters that are most commonly varied for improving
task performance. We then propose a stability condition that relates
the stiffness, damping and their rates of change. The constraint arises
from the choice of a Lyapunov candidate function in which mixed
position and velocity terms appear in the time derivative. Our main
contribution in this paper is using this function to derive stability
constraints for stiffness and damping profiles, and evaluating how
these constraints can be used in practice.
This paper is structured as follows. Section II contains a presentation of the impedance controller used in this paper, and the
stability analysis for the fixed gain case. In Section III, we present our
main result, a stability constraint for variable stiffness and damping
control. The method is compared with the state-of-the-art tank-based
method [8] through two task simulations in Section IV-A. We then
use our result to validate real impedance profiles in Section IV-B.
We conclude with a discussion and outlook into future directions of
research in Section V.
II. P RELIMINARIES
The technical presentation and stability analysis will be done in
joint space in this paper. The controllers in this section as well as our
algorithms in Section III can equivalently be expressed in Cartesian
coordinates, using the operational space dynamic equations [16].
A. Rigid Body Dynamics

control. Specifically, we will assume that H remains constant while
D(t) and K(t) are considered time varying functions. Note that in
order to implement such an impedance controller, measurement of
external effort (e.g. via joint torque sensors) is required.
C. Stability analysis
To analyze the stability properties of Eq. (2), consider the following
Lyaponov candidate function:
˙ t) = 1 q̃˙ T Hq̃˙ + 1 q̃T K(t)q̃
V1 (q̃, q̃,
(5)
2
2
˙ q̃, t) as simply
For compactness of notation, we will refer to V1 (q̃,
V1 in the remainder of this paper. Differentiating V1 along the
trajectories of Eq. (2) with τ e = 0 and H constant yields:
1 T
q̃ K̇(t)q̃
2
1
= q̃˙ T (−D(t)q̃˙ − K(t)q̃) + q̃˙ T K(t)q̃ + q̃T K̇(t)q̃
2
where symmetry of the stiffness matrix has been used. The mixed
term with q̃˙ and q̃ is hence cancelled but the potentially positive term
with K̇ remains:
1
V̇1 = −q̃˙ T D(t)q̃˙ + q̃T K̇(t)q̃
(6)
2
˙ q̃
¨ + q̃T K(t)q̃˙ +
V̇1 = q̃H

Eq. (6) is negative semidefinite for a negative semi-definite K̇(t).
Hence, we can conclude stability at the origin only if all the
eigenvalues of the stiffness matrix are either constant or decreasing.
Assuming q̃ 6= 0, increasing the stiffness eigenvalues can inject
potential energy into the system, and it is hence intuitively clear that
this practice can cause unstable behavior.

We assume that the physics of the manipulator is accurately
described by the rigid-body form:
M(q)q̈ + C(q̇, q)q̇ + g(q) = τ c + τ e

(1)

where q, q̇, q̈ ∈ RN denote the position, velocity and acceleration
of N joints of the robot, M(q) ∈ RN ×N the symmetric and
positive definite joint space inertia matrix, C(q̇, q) ∈ RN ×N the
Coriolis/centrifugal matrix and g(q) ∈ RN the torque due to gravity.
The control torques and external torques are denoted by τ c ∈ RN
and τ e ∈ RN respectively.
B. Impedance Control
In joint space impedance control, the objective is to maintain
the following dynamic relationship between external torque τ e and
position error q̃:
¨ + Dq̃˙ + Kq̃ = τ e
Hq̃
(2)
Where H ∈ RN ×N , D ∈ RN ×N and K ∈ RN ×N denote a desired
inertia, damping and stiffness respectively. H, D and K are positive
definite and H, K are symmetric. Let {q̈rt , q̇rt , qrt }Tt=0 be a given
reference trajectory, and let τ c be an inverse dynamics command:
τ c = M(q)ν + C(q̇, q)q̇ + g(q) − τ e

(3)

Define the new control input ν as:
ν = q̈rt + H−1 (−D(q̇ − q̇rt ) − K(q − q̇rt ) + τ e )

III. E NSURING S TABILITY
As seen from Eq. (6), the classical energy function does not allow
us to conclude stability with a varying stiffness profile. By inspection
of the expression in Eq. (6), the obvious solution to the problem
would be to design a controller that tries to follow the desired stiffness
profile as well as possible, but limiting it when Eq. (6) becomes
positive. However, such an approach has several disadvantages, the
most important being 1) the admissible stiffness profile depends on
the state of the robot and can hence not be known beforehand and 2)
there are no guarantees in terms of capability of following the desired
stiffness profile. By introducing the concept of an energy tank as in
[8], the second of these drawbacks can be somewhat relaxed.
A. Stability Conditions on Stiffness and Damping Profiles
Experience of varying stiffness control suggests that in general,
reasonable varying stiffness profiles show no destabilization tendencies. This motivates the search for a less conservative Lyapunov
candidate function than Eq. (5). In adaptive control, it is common
to construct energy functions of weighted sums of the velocity error
and the position error. The same approach can be used for varying
stiffness control to establish state-independent stability conditions
relating the stiffness and damping profiles. Consider the following
Lyapunov candidate function:

(4)

Substituting Eqs. (3) and (4) in Eq. (1) and introducing the notation
q̃ = q − qrt yields the closed loop dynamics in Eq. (2).
The user-defined virtual inertia H, damping D and stiffness K
determine the behavior of the robot when subjected to external torque.
If these parameters are constant, the system will be asymptotically
stable for any symmetric positive definite choice of matrices H, D
and K. In this work, we are concerned with varying impedance

˙ t) =
V2 (q̃, q̃,

(q̃˙ + αq̃)T H(q̃˙ + αq̃)
q̃T β(t)q̃
+
2
2

(7)

where
β(t) = K(t) + αD(t) − α2 H

(8)

with some positive constant α chosen such that β(t) is positive semidefinite for all t > 0. This candidate function is a generalized version
of a Lyapunov function which is used for the analysis of time-varying
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scalar systems in [26]. Note that α → 0 ⇒ V2 → V1 . In contrast
to V1 however, this function allows to establish sufficient constraints
for stability that are independent of the state. This is formalized in
the following theorem:
Theorem 1 (Stability conditions under dynamic decoupling). Let H
be a constant, symmetric and positive definite matrix. Let K(t) and
D(t) be symmetric, positive definite and continuously differentiable
varying stiffness and damping profiles. Then, the system in Eq. (2)
with τ e = 0 is globally uniformly stable if there exists an α > 0
such that ∀ t ≥ 0:
1) αH − D(t) is negative semi-definite
2) K̇(t) + αḊ(t) − 2αK(t) is negative semi-definite
If in 2) semi-definiteness is replaced with definiteness, the stability
property is in addition asymptotic.
Proof. The proof is given in Appendix B
It is perhaps not intuitively clear why the derivative of the damping
appears in the second condition of Theorem 1. In the analysis in
Section II-B, Ḋ does not appear in V̇1 (Eq. (6)). This means that for
a constant stiffness, stability would be ensured by any positive definite
D, without any direct constraints2 on Ḋ. Increasing the damping too
fast however, can make the system converge at points with q̃˙ = 0 but
q̃ 6= 0 [26] and hence compromise asymptotic stability. The presence
of Ḋ in second condition in Theorem 1 prevents this from happening,
since both K̇ and Ḋ are in effect bounded by this constraint. Note
that for robotic applications, this condition will typically be simplified
to a form that has a more intuitive interpretation. We illustrate this
point with two examples below, with a scalar system given by:

then be chosen to guarantee that the desired stiffness profile can
be stably executed, typically by using critical damping. Inspection
of the constraints of Theorem 1 reveals that the least conservative
constraints are given by α chosen so the largest eigenvalue of
αH − D(t) remains negative during the task. Hence, to have the
least conservative constraints, α should be chosen as:
α = min
t

λ(D(t))
λ(H)

(11)

where λ(.) and λ(.) denote the largest and smallest eigenvalue
respectively. With this choice, the first condition of Theorem 1 is by
construction satisfied for all t, as will be demonstrated next. Hence,
what remains to be verified is the second condition of Theorem 1. A
simple verification procedure is as follows:
1) Given some ideal desired D(t) and H, determine α according
to Eq. (11).
2) Verify that K̇(t) + αḊ(t) − 2αK(t) is negative semi-definite
for all t > 0.
3) If not verified, modify stiffness and/or damping profile3 .
Below, we show how the constraints in Theorem 1 relate to the
eigenvalues of the matrices in the general case. Consider A =
−D + αH. This matrix needs to be negative definite for negative
definiteness of V̇2 . H and D are symmetric, which implies A is
symmetric and its negative definiteness is hence equivalent all its
eigenvalues being negative. In particular, its largest eigenvalue λ(A)
should be negative.
λ(A) = sup vT Av ≤ sup vT (−D)v + sup vT (αH)v (12)

mq̈ + d(t)q̇ + k(t)q = 0

(9)

kvk=1

|
Example 1 (Constant damping). Consider the system in Eq. (9) with
˙ = 0. The stability
constant damping d(t) = d0 > 0, implying d(t)
conditions from Theorem 1 then reduce to:
d0 > αm
k̇(t) < 2αk(t)

(9a)
(9b)

kvk=1

kvk=1

{z

}

|

=λ(−D)

{z

}

αλ(H)

Above, the triangle inequality for the supremum norm has been used.
Thus, we have:
λ(A) ≤ −λ(D) + αλ(H)

(13)

Here, the second condition is an upper bound for the stiffness derivative that is proportional to the current stiffness and the minimum level
of damping (as a multiple of the system mass).

since λ(−D) = −λ(D). Consequently, we have that negative
definiteness of A is implied by the following bound on the smallest
eigenvalue of D:

Example 2 (Constant damping ratio). Consider
the system in Eq.
p
(9) with the damping chosen as d(t) = 2ζ mk(t), where ζ > 0 is
a constant damping ratio. √
2ζ m
˙
Substituting d(t)
= √
k̇(t) into the second condition yields

λ(D) > αλ(H)

k(t)

the following upper bound for the stiffness time-derivative:
p
3
2α k(t)
k̇(t) < p
√
k(t) + 2ζα m

(10)

B. Validating impedance profiles
The stability conditions presented in the previous section are
constraints only on the stiffness and damping profiles. This means
that it can be directly incorporated in an optimization or learning
procedure, which is often utilized to generate impedance profiles.
The outcome of these algorithms can hence be guaranteed to result
in stable control.
In practice, the impedance parameter that has the most significant
impact on task performance is the stiffness. Hence, it is often
reasonable to give priority to the stiffness design. The damping can
2 There

are constraints that follow from positive definiteness of D.

(14)

Hence, α defines a lower bound for the minimum eigenvalue of D
as a multiple of the maximum eigenvalue of H.
Now consider the second condition, which bounds the rate of
change in stiffness. The following matrix should be negative definite:
C = K̇ + αḊ − 2αK

(15)

As above, we use the triangle inequality to bound the largest
eigenvalue of C:
λ(C) ≤ λ(K̇) + αλ(Ḋ) − 2αλ(K)

(16)

It follows that a sufficient condition for negative definiteness of C is
given by:
λ(K̇) < 2αλ(K) − αλ(Ḋ)

(17)

3 E.g. increase constant damping or increase the damping ratio for the
common case that the damping is varying with the stiffness to ensure a
constant damping ratio.
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Fig. 2. a) Trajectory and the Lyapunov candidates V1 and V2 (Equations 5 and 21) during a simulation of a single d.o.f with mass 10 Kg, damping 1 Ns/m
and desired trajectory and stiffness given by Eq. (18) with k0 = 12. b) Stiffness and V2 , Eq. (21), during standard impedance control with k0 = 18 and
stability validated according to procedure in Section III-B. c) Stiffness and energy-function from the tank-based method [8], with modified stiffness profile,
k0 = 18.

IV. E VALUATION
A. Simulations
To illustrate the properties of the proposed approach, we present
a set of simulations comparing the stability analysis tools from
Section III with the recently proposed tank-based approach to varying
stiffness control [8]. As in real interaction control scenarios, the goal
is not accurate trajectory following, but accurate implementation of
the desired interactive behavior. In these scenarios the latter is defined
by a time-dependent stiffness profile, and the goal is hence to follow
this as accurately as possible while ensuring stability.
1) Tracking task: First we shall consider an example of 1 degree
of freedom (dof) system that is unstable due to a varying stiffness
profile. This is a reproduction of the simulation in [8]. The reference
trajectory and the desired stiffness profile are given by:
xdt = 10sin(0.1t)

(18a)

ktd = k0 + 10sin(0.1t)

(18b)

with k0 = 12. The system is simulated with a mass of 10 Kg and
a damping of 1 Ns/m. Fig. 2a shows a simulation of 100 seconds
of this system under standard impedance control. As can be seen in
the energy plot in Fig. 2a, V1 as well as V2 are non-monotonic and
with increasing magnitude. Note that in this simulation, which is a
linear scalar system with varying stiffness, there are no other factors
contributing to the observed unstable behavior. Since the system is
unstable, our method cannot validate it. As described in Section
III-B, this should be tackled by modifying the impedance profile such
that it passes the validation. Simply changing the constant stiffness
component as k0 = 18 is sufficient for the impedance profile to be
validated. This is shown in Fig. 2b, which plots the stiffness profile
and evolution of the energy function V2 , Eq. (21), during a 10 second
simulation. When doing the same simulation with the controller from
[8] the stiffness profile has to be modified online, as can be seen in
Fig. 2c. The discontinuities in the stiffness profile are a result of
the formulation in [8], which will fall back to a predefined constant
component of stiffness when the tank is empty. When and to what
extent this effect occurs depends on the choice of the open tank
parameters and more importantly the state of the robot as the stiffness
variations take place.

2) Regulation with perturbations: The advantage of ensuring
stability of a varying impedance profile without dependency on state
measurements is most clear in situations where perturbations are to be
expected during task executions and a reliable trajectory prediction is
not possible. By inspection of Eq. (6), it is clear that it is particularly
in the presence of a large position error q̃ that energy is injected into
the system if the stiffness is increased. Online methods such as [8]
are sensitive to perturbations during the task whereas our method is
not. To illustrate this, we simulated a one dof regulation task with a
varying stiffness profile given by:
π
(19)
k = 12 + 10sin( t)
10
and a constant damping 4 Ns/m and a mass of 10 Kg. Fig. 3a
shows that the impedance profile is validated by Theorem 1 and
the trajectory resulting from the simulation. A constant, positive
perturbation force was applied in intervals shaded gray in the
plots. Fig. 3b shows the results of the tank-based method. Note
that it is in particular when the system is perturbed that the tank
controller has to fall back to the constant stiffness value. We wish
to emphasize that this is not a problem particularly related to the
tank-based stabilization method, but rather a general problem of
any stabilization method relying on state measurements during task
execution.

B. Validation of real impedance profiles
Although it has been shown that varying stiffness can lead to
unstable behavior, experience shows that this is a rare occurrence in
practice. There exists already several works that have used varying
stiffness controllers which have not resulted in unstable behavior.
However, stability has only been proven in special cases where the
stiffness is varied according to an adaptive control law such as [29]
or with a particular parametric model as in our previous work [15].
For the more general case, where the stiffness can be considered a
time varying function just like the trajectory, Theorem 1 can be used
to validate or reject stiffness profiles. Since our stability condition is
conservative4 , it is important to investigate if in practice it can be used
to validate stiffness trajectories. Therefore, we gathered data from
three previous works by ourselves and others, and tested to see if our
4 In the sense that there are stable impedance profiles that do not satisfy
Theorem 1.
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Fig. 3. a) Trajectory, stiffness and evolution of V2 . The data comes from a 80
s simulation of a regulation task. The system is perturbed by the application
of a constant force during the shaded areas. Here, the standard impedance
controller is used since the desired stiffness profile is guaranteed to be stable.
This fact is confirmed here by the monotonic decrease of V2 outside the
shaded regions. b) Same as a) but system controlled with tank-based approach
from [8]. The bottom plot shows the time series of the tank-based energy
function. Note that it is in particular during perturbations that the system is
unable to use the desired stiffness.

Fig. 4. The figure shows snapshots from the match-lighting task using varying
joint stiffness.

stability condition could validate these impedance profiles. In each
case, a control scheme with inverse dynamics and damping varying
as a function of the stiffness (so as to maintain a critically damped
system) was assumed. First, for each case a value of α was selected
according to Eq. (11). Then, the following time-varying matrix was
computed:
K̇(t) + αḊ(t) − 2αK(t)
(20)
The stability according to Theorem 1 is then confirmed if all
eigenvalues of Eq. (20) remain negative.
The first data set is a match-lighting task from our previous work
[19]. This experiment was carried out on the 7 dof KUKA LWR 4+
robot arm, see Fig. 4. A joint stiffness profile was taught to the robot
using a physical human-robot interface designed for this purpose. The
resulting stiffness profile is a constant, high stiffness for all joints
except the elbow joint (encircled in Fig. 4), in which the stiffness is
reduced as the robot strikes the match on the matchbox. The stiffness
profile for the elbow joint is shown in Fig. 5a, top. Fig. 5a, bottom

shows the evolution of the largest eigenvalue of Eq. (20). Note that
only one of the eigenvalues are plotted since the other 6 remain
constant throughout the task.
The second data set comes from Calinon et al. [6]. The task is
a 2D reaching task where the final part of the trajectory passes
through a narrow path leading to the target. The trajectory and varying
stiffness are generated online by Gaussian Mixture Regression(GMR)
and minimum intervention control scheme using the covariance from
GMR to find a stiffness profile. Fig. 5b shows the eigenvalues of
the stiffness matrix and Eq. (20). As can be seen, both eigenvalues
remain negative throughout the time series and the impedance profile
is hence validated as stable.
The third data set comes from Buchli et al. [4], who applied the
reinforcement learning algorithm PI2 to simultaneously learn the
trajectory and stiffness profile repeated task trials evaluated by a
given cost function. The task is a via-point task in a 6d joint space
implemented on a KUKA LWR robot (the last joint was ignored).
The cost function was designed to favor a compliant behavior when
accuracy is not needed. This resulted in a stiffness profile with a low
stiffness that locally increases when the robot passes near the via
point. Fig. 5c shows the time series of the eigenvalues of the stiffness
matrix and Eq. (20) respectively. As in the previous examples, all
eigenvalues clearly remain negative.
V. D ISCUSSION
The most fundamental property that should be required from a
control system is stability. This is especially important in applications
of robots near humans, in which variable impedance control is
particularly interesting to use. While experience tells us that unstable
behavior arising from variable impedance is quite rare in practice, it is
important to better understand this issue and it is crucial to subject the
impedance variations to constraints so that stability is guaranteed. In
this paper, we proposed a novel, state-independent stability condition
for varying stiffness and damping profiles.
Impedance control is commonly used in situations where significant departure from the reference trajectory can be expected by either
temporary perturbations or physical constraints in the environment.
For this reason, the reference trajectory is often renamed virtual
trajectory in impedance control literature, highlighting the fact that
perfect tracking of the reference may not be possible or even desired.
As shown by the simulation in Section IV-A2, using the classical
Lyapunov function as a stability observer will make it difficult to
modify the stiffness in the presence of significant position errors. The
method proposed in this paper does not have this limitation since it
is independent of state measurements during task execution (Section
III). Our methodology involves selecting the parameter α in Theorem
1. There may be many different values of α that can be used to
validate a stable impedance profile. Conversely, a poorly chosen α can
lead to overly conservative constraints that disqualify an impedance
profile that would have been validated by another choice of α. To
facilitate this choice, we described in Section III-B a systematic
method of choosing α and making changes to the impedance profile
so that the system can be validated.
The main limitation of the proposed approach is that it requires
the inertia matrix H to be constant. This in turn requires model
knowledge and dynamic decoupling (requiring measurement of external effort in interaction task) as described in Section II-B. This
limitation may be more problematic in the Cartesian case, where it
may be impossible to keep H constant near singular configurations.
Impedance control can be implemented with simplified controls,
requiring only a gravity model and no measurement of external
force/torque [11]. For this case, our method is not applicable since
the apparent inertia becomes equal to the natural inertia of the robot
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Fig. 5. a) Varying stiffness profile and Eq. (20) for data from match-lighting task in [19]. b) Stiffness eigenvalues over time and the evolution of the
eigenvalues of Eq. (20) for data from [6]. The eigenvalues remain negative definite and the impedance profile is hence guaranteed to yield stable control. c)
The joint stiffness profile and corresponding eigenvalues of Eq. (20) for a 6 dof joint space via point task with varying stiffness. This data comes from [4].

which is configuration dependent. The state-dependent tank based
method proposed in [8] does not have this limitation.
It is possible to construct variable impedance profiles that yield
qualitatively stable behavior but that are not validated by Theorem
1. This is because Theorem 1 is a conservative guarantee of stability.
Our experience is that it will validate reasonably chosen impedance
profiles, as shown in Section IV-B. Depending on how the task and
on the particular controller and chosen parameters, state-dependent
alternatives such as [8] may be more or less conservative than the
approach presented in this paper. Hence, it is not possible to make
any general conclusions about which approach is less conservative.
It should be mentioned however, that the tank-based method [8] and
other methods depending on open parameters need to be tuned for
each task that they are applied to. Our method has no open parameters
but can still validate reasonable impedance profiles. Which method
to use ultimately depends on factors such as importance of accurate
stiffness following (choose our approach) or applicability to systems
without dynamic decoupling (choose state-dependent approach such
as [8]).
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A PPENDIX A
LYAPONOV T HEOREM FOR N ON - AUTONOMOUS S YSTEMS
A nonlinear, non-autonomous system ξ̇ = f (ξ, t) is uniformly
Lyaponov-stable at the origin if there exists a scalar function V (ξ, t)
such that:
1) Positive definiteness of V :
V (ξ, t) > 0 ∀ξ 6= 0, ∀t ≥ 0 and V (0, t) = 0, ∀t ≥ 0
2) Negative semi-definiteness of V̇ :
V̇ (ξ, t) ≤ 0, ∀ξ 6= 0, ∀t ≥ 0 and V̇ (0, t) = 0, ∀t ≥ 0
3) Decrescense of V :
0

∃ V (ξ) > 0, ∀ξ 6= 0 :

0

V (ξ, t) ≤ V (ξ), ∀t ≥ 0

It is globally uniformly asymptotically stable if in addition:
1) Negative definiteness of V̇ :
V̇ (ξ, t) < 0, ∀ξ 6= 0, ∀t ≥ 0 and V̇ (0, t) = 0, ∀t ≥ 0
2) Radial unboundedness of V in ξ:
kξk → ∞ ⇒ V (ξ, t) → ∞

A PPENDIX B
P ROOF OF T HEOREM 1
Consider the following Lyaponov candidate function:
T
T
˙
˙
˙ t) = (q̃ + αq̃) H(q̃ + αq̃) + q̃ β(t)q̃
V2 (q̃, q̃,
2
2

(21)

where β(t) is a symmetric, positive semi-definite and continuously
differentiable matrix. Differentiating yields:
˙ t) = (q̃˙ + αq̃)T H(q̃
¨ + αq̃)
˙ + q̃T β(t)q̃˙ + 1 q̃T β̇(t)q̃ (22)
V̇2 (q̃, q̃,
2
Substituting the closed loop dynamics from Eq. (2) with τe = 0 and
rearranging yields:

˙ t) = q̃˙ T {αH − D(t)} q̃˙
V̇2 (q̃, q̃,

+ q̃˙ T β(t) + α2 H − K(t) − αD(t) q̃


1
β̇(t) − αK(t) q̃
+ q̃T
2

(23)

˙ define β(t)
In order to eliminate the cross-term between q̃ and q̃,
as:
β(t) = K(t) + αD(t) − α2 H

⇒

β̇(t) = K̇(t) + αḊ(t) (24)

Substituting β(t) and β̇(t) into Eq. (23) then yields:
˙ t) = q̃˙ T {αH − D(t)} q̃˙
V̇2 (q̃, q̃,


1
α
+q̃T
K̇(t) + Ḋ(t) − αK(t) q̃
2
2

(25)

Note that β(t) is positive semi-definite (Substitute condition 1 from
Theorem 1 in Eq. (24)), which implies that V2 is also positive
semi-definite. V2 is also decrescent, since it is dominated e.g.
˙ t) =< (q̃˙ + αq̃)T H(q̃˙ + αq̃) + kq̃k2 max λ(β(t)).
by: V2 (q̃, q̃,
t
Furthermore, V2 is radially unbounded, and substituting condition
2 from Theorem 1 in Eq. (25) confirms V2 ≤ 0 for all q̃, q̃˙ 6= 0,
which concludes the proof. Replacing semi-definiteness in conditions
of Theorem 1 with positive definiteness analogously yields a V2 < 0
for all q̃, q̃˙ 6= 0, proving in that case asymptotic stability.
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