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Non-linear regression techniques

Part - II



2

ADVANCED MACHINE LEARNING

2

Regression Algorithms in this Course

Support Vector Machine Relevance Vector Machine

Boosting ïrandom projections Boosting ïrandom gaussians

Random forest Gaussian Process 

Support vector regression Relevance vector regression

Gaussian process regression Gradient boosting

Locally weighted projected regression

Not covered ïreplaced by one 

hour to answer questions about 

mini-project
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Regression Algorithms in this Course

Random forest Gaussian Process Gaussian process regression
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( ), ,    ,  T Ny f x w w x w x= = Í

PR is a statistical approach to classical linear regression that estimates the 

relationship between zero-mean variables y and x by building a linear model 

of the form:

( )2,    with 0,Ty w x Ne e s= + =

If one assumes that the observed values of y differ from f(x) by an additive 

noise ethat follows a zero-mean Gaussian distribution (such an 

assumption consists of putting a prior distribution over the noise), then: 

Probabilistic Regression (PR)

Where have we seen this before?



6

ADVANCED MACHINE LEARNING

6

{ } { }

( )
( )

1

2

Training set of  pairs of data points , ,

Likelihood of the regressive model 

                                 0,  

                           ~ | , ,

i i
M

i

T

M X x y

w X N

p X w

s

s

=
=

= +

Ý

y

y

y y

Probabilistic Regression
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Probabilistic Regression

Prior model on distribution of parameter w:
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Hyperparameters 

Given by user

Parameters of 

the model
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 (drop ,  not a variable)

Estimates conditional distribution on  given the data using Bayes' rule.

likelihood x prior
posterior =        

marginal likelihood

| ,
| ,

|

w

p X w p w
p w X

p X

s

Ý =
y

y
y

Probabilistic Regression

Posterior distribution on  

is Gaussian.
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The conditional distribution of a

Gaussian distribution is also

Gaussian (image from Wikipedia)

Posterior distribution on  

is Gaussian.

w
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Probabilistic Regression

The expectation over the posterior distribution gives the best estimate:

This is called the maximum a posteriori (MAP) estimate of w.
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Probabilistic Regression

( ) ( )( )

We can now compute the posterior distribution on y :
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Probabilistic Regression
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Testing point

Training datapoints
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Probabilistic Regression

{ } 1

The variance gives a measure of the 

uncertainty of the prediction:
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( )2

How to extend the simple linear Bayesian regressive model 

for nonlinear regression?

0,Ty w x N s= +

Gaussian Process Regression
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()xf

() ( )2,      ~ 0,Ty w x Nf e e s= +( )2

How to extend the simple linear Bayesian regressive model 

for nonlinear regression?

0,Ty w x N s= +

Gaussian Process Regression
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()xf

() ( )2,      ~ 0,Ty w x Nf e e s= +( )2

How to extend the simple linear Bayesian regressive model 

for nonlinear regression?

0,Ty w x N s= +

Gaussian Process Regression

Distribution over functions
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()xf Non-Linear Transformation

Gaussian Process Regression

( ) () ( ) () ()

( ) ( )

1 1

2

2 1

1
| , , ,

with 

T T

T

w

p y x X N x A X x A x

A X X

- -

- -

å õ
= Fæ ö
ç ÷

= F F +S

y yf f f
s

s

( )2

How to extend the simple linear Bayesian regressive model 

for nonlinear regression?

0,Ty w x N s= +



20

ADVANCED MACHINE LEARNING

20

Gaussian Process Regression

Again, a Gaussian distribution. 
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Gaussian Process Regression

Inner product in feature space

( ) () ()Define the kernel as: , ' '
T

wk x x x xf f= S
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See supplement

for steps
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Gaussian Process Regression

Inner product in feature space

( ) () ()Define the kernel as: , ' '
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Gaussian Process Regression
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ĄAll 

datapoints are 

used in the 

computation!
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Gaussian Process Regression
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The kernel and its hyperparameters are given by the user.

These can be optimized through maximum likelihood over the

marginal likelihood, seeclassôssupplement

RBF kernel, width = 0.1 RBF kernel, width = 0.5
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Sensitivity to the choice of kernel width (called lengthscale in most books) 

when using Gaussian kernels (also called RBF or square exponential).

Kernel Width=0.1
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Gaussian Process Regression



27

ADVANCED MACHINE LEARNING

27

Kernel Width=0.5
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Sensitivity to the choice of kernel width (called lengthscale in most books) 

when using Gaussian kernels (also called RBF or square exponential).

Gaussian Process Regression
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Gaussian Process Regression
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The value for the noise needs to be pre-set by hand.

Sigma = 0.05 Sigma = 0.01

The larger the noise, the more uncertainty. The noise is <=1.
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Gaussian Process Regression

Low noise:  s=0.05
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Gaussian Process Regression

High noise:  s=0.2
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Gaussian Process Regression
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Kernel is usually Gaussian kernel with stationary covariance function

Ą Non-Stationary Covariance Functions can encapsulate local 

variations in the density of the datapoints

Gibbsô non stationary covariance function (length-scale a function of x):


