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Corrections 

Slides PCA number 26 and 32 have been corrected,  

see slides posted on website 

 

Slide 26:   

 

 

Slide 32: 

 Correlation matrix Ą Covariance matrix 
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Lecture Notes 

Probabilistic PCA and CCA not covered in class and hence not examined at the exam 

The cure algorithm not covered in class and hence not examined at the exam 
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Objectives 

 

Å Learn basic techniques for data clustering 
 

Å Understand the issues and major challenges in 

clustering large data sets in multi-dimensional spaces 
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What is clustering? 

Clustering is a type of multivariate statistical analysis also known as 

cluster analysis, unsupervised classification analysis, or numerical 

taxonomy. 

Clustering is a process of partitioning a set of data (or objects) in a set 

of meaningful sub-classes, called clusters 

Cluster: a collection of data objects that are ñsimilarò to one another and 

thus can be treated collectively as one group.  
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Classification versus Clustering 

 Supervised Classification  = Classification 

Ą We know the class labels and the number of classes 

1 2 3 1 2 3 

 Unsupervised Classification = Clustering 

Ą We do not know the class labels and may not know 

the number of classes 

? ? ? ? ? ? 
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Classification versus Clustering 

 Unsupervised Classification = Clustering 

Ą Hard problem when no pair of objects have exactly 

the same feature  

Ą need to determine how similar objects are 

? 
? 

? 
? ? 
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What is Good Clustering? 

Which two subgroups of pictures are similar and why? 
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What is Good Clustering? 

Which two subgroups of pictures are similar and why? 
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What is Good Clustering? 

Which two subgroups of pictures are similar and why? 
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Å A good clustering method will produce high quality clusters in which 

Å The intra-class (that is, intra-cluster) similarity is high 

Å The inter-class similarity is low 

 

Å The quality measure of a cluster depends on the similarity measure 

used! 

 

Å The quality of a clustering method is also measured by its ability to 

discover some or all of the hidden patterns.  

 

What is Good Clustering? 
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Priors:    

Å Data clusters within a circle (isotropic Gaussian distribution)  

Å There are 2 clusters 

 

x1 

x2 

x3 

What is Good Clustering? 

Outliers (noise) 

Relevant Data 
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Priors:    

Å Data is generated by a complex distribution 

Å There are 3 clusters 

 

x1 

x2 

x3 

What is Good Clustering? 
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Globular Clusters  

Non-Globular Clusters 

Clustersô Types 
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Requirements for good clustering: 

Å Discovery of clusters with arbitrary shape 

Å Ability to deal with noise and outliers 

Å Insensitivity to input recordsô ordering 

 

Å Scalability 

Å High dimensionality 

Å Interpretability and reusability 
 

What is Good Clustering? 
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One Way to Categorize Clustering Techniques 

 

Å Hierarchy algorithms: Create a hierarchical decomposition of the set of 

data (or objects) using some criterion.  

Ą (e.g. Hierarchical Clustering) 

 

Å Partitioning algorithms: Construct various partitions and evaluate those 

using some metric  

Ą (e.g. K-means) 

 

Å Distribution-based: Optimal distribution of clusters determined through 

maximum-likelihood 

 Ą (e.g. Soft K-means, Gaussian Mixture Model) 
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Another way to categorize Clustering Techniques 

 

Å Connectivity models: builds models based on distance connectivity 

Ą (e.g. Hierarchical Clustering) 

Å Centroid models: represents each cluster by a single mean vector  

Ą (e.g. K-means) 
 

Å Distribution-based: clusters are modeled using statistic distributions 

 Ą (e.g. Soft K-means, Gaussian Mixture Model) 
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Hierarchical Clustering 

In Hierarchical Clustering, the data is partitioned iteratively, by  

either agglomerating the data.  

1 

2 

3 

4 
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1 

2 

3 

4 

Hierarchical Clustering 

In Hierarchical Clustering, the data is partitioned iteratively, by  

either agglomerating the data or by dividing the data.  
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2 

3 
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Hierarchical Clustering 

In Hierarchical Clustering, the data is partitioned iteratively, by  

either agglomerating the data or by dividing the data.  
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1 

2 
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Hierarchical Clustering 

In Hierarchical Clustering, the data is partitioned iteratively, by  

either agglomerating the data or by dividing the data.  



Hierarchical Clustering 
Agglomerative method - Algorithm 

   

1.   Initialization: To each of the M data points 

     associate one cluster    . You, thus, start with M clusters. 

  

2.   Find the closest clusters according to a distance metric  

               .   The distance between groups can either be: 

  

  

 

 

 

 

 

 
 

Typical distance measure:  

 

 

 3. Merge the two clusters into one single cluster taking, e.g., either the mean 

or the median across the two clusters.  
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Hierarchical Clustering 
Divisive method - Algorithm 

   

1.   Initialization: To all the M data points                        associate one single 

cluster     .  

  

2.   Find the points farthest apart according to a distance metric  

               .   The distance between groups can either be: 

  

  

 

 

 

 

 

 
 

Typical distance measure:  

 

 

 3. Divide the points into two new clusters according to a cutoff measure on the 

distance between points.  
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Hierarchical Clustering 

Advantages:  
 

Å Increased flexibility regarding the level of granularity  

Å Ease of handling of any forms of similarity or distance  

Å Consequently, applicability to any attribute types  

 

Disadvantages:  
 

Å Vagueness of termination criterion  

Å Do not revisit once constructed (intermediate) clusters 

Å Works poorly with clusters that have arbitrary shapes irrespective of 

distance measure.  
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Parametric Clustering 
  

Determines a mapping C from the dataset X  

to a parametric description of the data C(X) 

C X1x

1k

1Ĕk

1c

Parametric clustering methods will tend to minimize 

the expected distortion between the estimated 

distribution of the data and the real distribution 

2x
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K-means Clustering 

  

2

1

ji

i
j

K

j x c

J x

K-Means clustering generates a number K of disjoint, flat  (non-hierarchical) 

clusters, so as to minimize the sum-of-squares criterion:  

ix ith data point  

j
geometric centroid  

  
 cluster label or number 
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K-means Clustering 
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K-Means clustering generates a number K of disjoint, flat  (non-hierarchical) 

clusters, so as to minimize the sum-of-squares criterion:  

ix ith data point  

j
geometric centroid  

  
 cluster label or number 
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K-means Clustering 
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K-Means clustering generates a number K of disjoint, flat  (non-hierarchical) 

clusters, so as to minimize the sum-of-squares criterion:  

ix ith data point  

j
geometric centroid  

  
 cluster label or number 



  

  

 

  
  

  

  

 

MACHINE LEARNING  -  MSc Course 
APPLIED MACHINE LEARNING ï 2011-2012 

29 

K-means Clustering: Algorithm 

  

 1.  Initialization:  Pick k arbitrary centroids and set their geometric means  to 

random values. 

 

2. Calculate the distance from each data point  to each centroid . 

  

3. Assignment Step: Assign the responsibility of each data point  to its ñclosestò 

centroid (E-step). If a tie happens (i.e. two centroids are equidistant to a data point, 

one assigns the data point to the smallest winning centroid). 

  

                                        

  

4.  Update Step: Adjust the centroids to be the means of all data points assigned to 

them (M-step) 

   

  

 

5. Go back to step 2 and repeat the process until the clusters are stable. 

arg min ,i k
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k d x
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0    otherwise
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K-means Clustering: Properties 

  

 

Å There are always K clusters.  

 

Å There is always at least one item in each cluster.  

 

Å The clusters are non-hierarchical and they do not overlap.  

 

Å Every member of a cluster is closer to its cluster than any other cluster 

because closeness does not always involve the 'center' of clusters. 

  

The algorithm is guaranteed to converge  

in a finite number of iterations 
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Å Unbalanced clusters: 

K-means takes into account only the distance between the means and data 

points; it has no representation of the variance of the data within each 

cluster.  

 

Å Elongated clusters: 

 K-means imposes a fixed shape for each cluster (sphere).  

K-means Clustering: Weaknesses 
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Very sensitive to the choice of the number of clusters K and 

the initialization.  
 

K-means Clustering: Weaknesses 
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Advantages: 
 

Å Computationally faster than other clustering techniques, such as 

hierarchical clustering or non-parametric clustering.  
 

Å Produces tighter clusters, especially if the clusters are globular.  
 

Å Guaranteed to converge. 

 

Drawbacks: 
 

Å Does not work well with non-globular clusters.  
 

Å Sensitivity to choice of initial partitions  

  Different initial partitions can result in different final clusters. 
 

Å Assumes a fixed number K of clusters.  
 

Ą It is, therefore, good practice to run the algorithm several times using 

different K values, to determine the optimal number of clusters.  

K-means Clustering: Properties 
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Soft K-means Clustering 

Each data point   is given a soft `degree of assignment' 

to each of the means . 

i

k

x

'

,

,

'

 : responsability of cluster  for point  

 [0,1],     

Normalized over clusters:    1
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i
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r k x

e
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r

 is the stiffness: the smaller , the smaller the distance across clusters

1
      measure of the disparity across clusters

Assignment (E-step).  
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Soft K-means Clustering 

  

Update Step (M-step).  

The model parameters, i.e. the means, are adjusted to match the 

sample means of the data points that they are responsible for. 
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Soft K-means Clustering 

  
The update algorithm of the soft K-means is identical to that of the 

hard K-means, apart for the fact that the responsibilities to a 

particular cluster are now real numbers varying between 0 and 1. 

 

    small  

~ large 

   large  

~ small 
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Soft K-means Clustering 

Soft K-means algorithm with a small (left), medium (center) and large (right)   
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Soft K-means Clustering 

  

small  large  

Mackay, Information Theory, Inference and Learning 

Evolution of soft K-means, when applied to a dataset of 40 points with 4 clusters,  

with sigma that  decreases over time  
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Soft K-means Clustering 

  

Iterations of the Soft K-means algorithm from the random initialization (left)  

to convergence (right).  Computed with = 10.  
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Clustering with Mixture of Gaussians  

  

Extension of the soft K-means Ą fit data distribution with a mixture of Gaussians. 

 

Responsibility factor for each cluster Ą probability density to each cluster to best 

represent the distribution of the data.  

 

Optimize likelihood of each point to belong to each distribution.  



Clustering with Mixture of Gaussians  
Algorithm 

  
Assignment Step (E-step):  The responsibilities are  
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Update Step (M-step):  

This fits only a mixture of spherical Gaussians! 

Measure of the likelihood that the 

Gaussian k (or cluster k) 

generated the whole dataset. 
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Clustering with Mixture of Gaussians  

Examples of clustering with Mixtures of Gaussians (the grey circles 

represent one time and two times the variance of the distributions)  



Clustering with Mixture of Gaussians  
Algorithm for non-spherical Gaussians 

  

Assignment Step (E-step): 
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Update Step (M-step):  
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Still aligned with the axes of the original frame of reference 

1,... :  dimension of datasetj N

N variance parameters,  

N: data dimensionality. 
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Mixture of spherical Gaussians can only fit Gaussians whose axes are aligned 

with the data axes, i.e. the covariance matrices of the Gaussians are diagonal 

x1 

x2 

Clustering with Mixture of Gaussians  
 

 

How to derive an algorithm  

for arbitrary mixtures of Gaussians? 
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Gaussian Mixture Models (GMM) can learn mixtures of Gaussians with arbitrary 

(full) covariance matrices.  
 

Ą Gaussian Mixture Model can exploit local correlations and adapt the covariance 

matrix of each Gaussian so that it aligns with the local direction of correlation.  
 

Ą Each Gaussian performs a local linear PCA. 

 

x1 

x2 

Clustering with Mixture of Gaussians  
 

 

How to derive an algorithm  

for arbitrary mixtures of Gaussians? 
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In addition to better fit the local non-linearities, GMM may also reduce 

the number of Gaussians required to fit the data. 

Clustering with Mixture of Gaussians  
 

 

How to derive an algorithm  

for arbitrary mixtures of Gaussians? 
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Gaussian Mixture Modeling 

Consider, as usual, a set of M N-dimensional datapoints 

 

The pdf of X will be modeled through a mixture of K  Gaussians:  

1,...
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Gaussian Mixture Modeling 

The parameters of a GMM are the means, covariance matrices and prior 

pdf:  

 

  

 

 

Estimation of all the parameters can be done through Expectation-

Maximization (E-M). E-M tries to find the optimum of the likelihood of the 

model given the data, i.e.: 

1 1 1,..... , ,..... , ,.....K K K

max  | max  |L X p X
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Expectation-Maximization 

One usually can safely assume that the datapoints are i.i.d. (identically 

and independently distributed). 

11

max  | max  | ,
M K

i k k

k
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p X p x

1 1 11

max  | max  log |

max  log | , max  log | ,
M K M K

i k k i k k

k k

k i ki

p X p X

p x p x

Computing the log of the likelihood yields the same optimum: 



E-M Estimate for Gaussian Mixture Models 

  

Estimation Step (E-step): 

Initialization:  

1

1

The priors ,..,  can be uniform for starters.

The means ,..,  can be initialized with K-means.
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At each step t, estimate, for each Gaussian k, the probability that this 

Gaussian is being responsible for generating each point of the dataset by 

computing: 



E-M Estimate for Gaussian Mixture Models 

  Update Step (M-step): 

Recompute the means,  covariances matrices and prior probabilities so as to 

maximize the log likelihood of the current estimate : log |

and using current estimate of the probabilities : |
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Clustering with Mixtures of Gaussians  
  

  

Clustering with Mixtures of Gaussians using spherical Gaussians (left) and non 

spherical Gaussians (i.e. with full covariance matrix) (right).  
 

Notice how the clusters become elongated along the direction of the clusters (the 

grey circles represent the first and second variances of the distributions). 



  

  

 

  
  

  

  

 

MACHINE LEARNING  -  MSc Course 
APPLIED MACHINE LEARNING ï 2011-2012 

57 

Practical: Clustering 
  

Original Data ï 4 classes K-Means Clustering 


