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Classification for face recognition

Binary classification can be used to classify between face and non-face,
or between frontal versus non-frontal face (to determine when to start

interaction).

Multi-class classification can be used to classify across orientations of the
face, or to recognize different faces.

J. Meynet, V. Popovici and J. Thiran. Mixtures of Boosted Classifiers for Frontal Face Detection, Signal, Image and Video Processing,
vol. 1, num. 1, p. 29--38, 2007 2 2
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From clustering to classification

Need to decide to which class each point belongs.

What if the probability of belonging to several classes is not zero?
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Bayeso rule and si mpl

A, B have associated probabilities P(A) and P(B)

Conditional probability of event A given B

P(A|B)= P(BL(@B)P( A

For probability density or continuous distributions:

o, (x] y)= P (X9 R R(Y

p, (¥) p, ()
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Maximum Likelihood Discriminant Rule

A A maximum likelihood classifier chooses the class label that is
the most likely.

A Conditional density that a data point x has associated class

label y=K is:
P(X) = p(x| y =K

A The maximum likelihood (ML) discriminant rule predicts the
class of an observation x using:

C*(X) =arg maxp, (x)
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Gaussian ML Discriminant Rules

A 2-class problem, conditional densities to belong to class 1 and 2:

p(Xl y= 1) ~N{m, § = N/]; 1/2 e(X ﬂjf)( @,-1()( ,%)T
p(xly=2) = N(nf, §) =Lz eI
(2p) ‘S ‘

A To determine the class label, compute likelihood ratio (optimal Bayes
classifier) A A new point x belong to class 1 if:

p(y=1]x) >p(y 2]%
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Gaussian ML Discriminant Rules

p(y=11x >p(y 2]¥ (1

By Bayes:p(y=i K _P(xIy=1) p(y =) A2
p(x)
Assuming equal class distributigm(y= ) ¥p(y =) 2 daeplacing in (1)
. ap(x|y=1) 0
Y | 1
Ogé?p(xlw 2) 8
O (x-m)(8) (x -A) log| Y x< B (55 Hog 1+
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252 151 050 051 152 253 354 455 556 557 758 8589 9510

Example of binary classification using two
Gaussian distributions
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Gaussian ML Discriminant Rules

A Muticlasspr obl em with k=1éK cl asses, c
class is a multivariate Gaussian;

p(x|y=k) ~ N(m, S)

A ML discriminant rule is minimum of the log-likelihood (equiv. to
maximizing the likelihood):

Ck(x):argkmin{(x m)('$7(x 4 log k‘}
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Gaussian ML Discriminant Rules

.9.5:9 [8.5:8 -7.5-7 :6.5:6 -5.5:5 454 358 252 ®51 050 051 152 253 354 455 5565 657 758 858 8510

Example of 4-classes classification using
four Gaussian distributions

10
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WSS 556 657 758 859 9510

Example of 4-classes classification using
four Gaussian distributions

11
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Gaussian ML Discriminant Rules

 When all class densities have gwmmecovariance matrix,
S = S the discriminant rule iBnear This is equivalent to
Linear discriminant analysisr k = 2:

O<(x /ﬁ) 'S(x ﬂ))T (x< %’)7 ‘1(XS 2)';

or equivalently

Ck(x):argmin{(x /ﬁ‘) ﬂx ﬁjT}

k={1,2}

12



APPLIED MACHINE LEARNING T 2011-2012 (I)fl-

ECOLE POLYTECHNIQUE
DERALE DE LAUSANNE

Gaussian ML Discriminant Rules

50 D51 152 253 354 455 555 65]

Example of 2-classes classification using
2 Gaussian distributions with equal
covariance matrices

13
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Classification with GMM-s

Muticlasspr obl em with | =1éL cl asses, a
with a GMM composed of K multivariate Gaussian:
KI
p(x]y=1)~& akN( m, S)
k=1

A ML discriminant rule is minimum of the log-likelihood (equiv. to
maximizing the likelihood):

C'(X) = arglmin{ p( x|y =i}

14
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Gaussian ML Discriminant Rules

A In practice, population mean vectors 7 and covariance matrices Sk are
estimated from the training set.

X :{ xk}kzl""t . the training set composed of  dataint® per clas

i=1,..n
. N
Estimated meai =x* =g X
n" iz
Estimated Covarianc® =S¢ =1Ea(>¥ _xﬁ)()f _X)T
N 1 i i

Sk Is also called the scatter matrix

15
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Clustering with a GMM with 4 Gaussians

16
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Classification with two GMM per class. Each GMM has 2 Gaussians.

17
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Clustering with GMM A

Classification with GMM
using Naive Bayes

18
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Linear Discriminant Analysis (LDA)

A PCA finds the most accurate data representation in a lower
dimensional space:

I Projects data in the directions of maximum variance.

A However the directions of maximum variance can not be
used for classification:

I Discriminate between two or more groups (classes) of objects.

separable
g o ® apply PCA not separable
gE o° | ™~ XIN XN-
g o° to each class
>

19
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Linear Discriminant Analysis (LDA)

A A method for projecting data into lower dimension useful for
classification:

I Linearly separable data.
I Categorical variables, i.e. class labels (not regression).

A Project to a line that best separates the data in a least-
square sense: to a vector that connects the means.

bad line to project to, good line to project to,

classes are mixed up classes are well separated 20
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LDA: Formalism

A Given the data matrix X e R*¥ find a linear transformation
4 eR¥® that maps each column x of X, for 1¢ i ¢M
in the N-dimensional space to a vector Y in P-dimensional

space. ., .,
P AXIRY -y IRP p ¢N

A The datain X are partitioned into K classes {C"}:
=1
K

- k - LI
where each class C* contains N' data points and § n“ = M
k=1

A Find an optimal transformation A that preserves the class
structure of the original high-dimensional space in the
low- dimensional space.

21
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LDA for two classes

Classification in a two-class problem using two Gaussian
distributions and assuming same covariance matrix.

O<(x /ﬁ) 'S(x f’;)T (x< 2/)9 '1(XS 2);

Must be true for all points x belonging to class 1.

A Equivalent to maximizing a measure of inter-means distance:
s, = (i T m=)m {2 mf A

m= X : Global mean of all datapoints

n',n’: number of datapoints in class 1 and 2
22
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LDA for two classes

Looking for a projection where examples from the same class are
projected very close to each other and, at the same time, the
projected means are as farther apart as possible
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LDA for two classes

To ensure that similarity within one class is high
A distance across datapoints within each class must be small

Measure of intra-class variability:

scaloae 4 &l Y

x| ct X | C2

1 .. 1 ..
MZFaXiCl , M -_-r? A, means of class 1 and 2

24
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LDA for two classes

Minimize Sw, Measure of intra-class variability
Maximize Sb, Measure of inter-class variability

v

25
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LDA for multiple classes

Extendtoamult-c | ass analysis with k=1¢éK

Measure of intra-class variability:

Measure of inter-class variability:

S":‘é A (nt - =)

nf = ika ; o are the means of each class amd  bleay mean
n

26
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LDA optimization

A Given the scatter matrices S, and S, find the linear
projection through a map A thatmaximizes:

| | corresponds to the

J ( ) — ‘AT SD 4 / matrix determinant
ATS, A

which corresponds to:

I Increasing the between-class dissimilarity § (maximizes
numerator)

I Increasing the within-class similarity S, (minimizes
denominator)

27
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LDA drawbacks

For complex data, projection to even the best line may result in
unseparable projected samples.

A LDA will fail when:

1. J(A) Iis always 0: happens if y, = u,

30
O> o)e

PCA performs PCA also
reasonably well fails: = ==
here: —————+—

2. If J(A) Is always large: classes have large overlap when
projected to any line (PCA will also fail)

28
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LDA drawbacks

Sb measures the distance between the projected means.

S, a A (mt Y =)

This is not a very good measure since it does not take into
account the standard deviation within the classes

&
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This axis has a larger disfance between means
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LDA improvement

LDA assumes equal variance; the two classes have the same
distribution

; A
| %
,1,,\ ez EETT Y
T 1 & L SR
I b _—_-"—'__---- _____,.——_____'
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LDA improvement i Fisher LDA

LDA assumes equal variance; the two classes have the same distribution

LDA projection

Fisher LDA projection
Does not assume equal
class covariance

31
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Fisher Linear Discriminant (FLD)

A As LDA, FLD optimizes classification by increasing the
between class similarity and decreases the within class

similarity.

A But it does not assume:
I Normally distributed classes.

I Equal class covariances.

32
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FLD for two classes

A Consider two classes with probability functions described by
experimental means m and m, and experimental covariance
matrices St and S*

A The

scatter matrices: S, (within-class similarity) and S,

(between-class similarity) are given by:

S

- (cn)(x A a(x Bx P

xi Ct x| C?

S

= & +°3

33
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FLD for multiple classes

A Generalizes easily to multi-class classification.

A For more than two classes finds a subspace that contains
all the classes6 variability:

\{
) ;

A

»
< »
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FLD optimization

A Given the scatter matrices S, and S,, linearly project the
data through a map A to maximize:

| | corresponds to the

J ( ) — ‘AT S’ 4‘/ matrix determinant
A'S, A

A Reduces to a generalized eigenvalue problem:

S A= LS A L diag. matrp

A Perform an eigenvalue decomposition on the matrices:
i S;'S_if S, is non singular

. -1
i SS

, It S Is non singular

35
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FLD drawbacks

A Singularity problem:

i Both 5, and S, are singular => can not solve the problem.

A Solution:
I Use a pseudo-inverse transformation

I Apply PCA before LDA

36
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FLD drawbacks

Both LDA and FLD will fail when the discriminatory information
IS not in the mean but rather in the variance of the data

37



Example 1 |: Classification with LDA

38



Example 1 I: Classification with 2 GMMs

(1 Gaussian per model, Spherical covariance matrix)
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Example - II:

LDA A

Fisher LDA A

40



Example - II: Classification with two GMMs
(1 Gaussian per model, full covariance matrices)




Example lll: Classification of two embedded clusters
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Example lll:

CIaSS|f|cat|on with PCA, LDA and FLD

43



Example lll: Classification with two 1-Gaussian GMM

Beware of the number of parameters
A increase computation time for both training and testing
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Clustering and Classification

A A wide range of ML methods are developed to perform
supervised and unsupervised classification.

A Unsupervised classification is usually referred to as
clustering. This is used in a variety of application for which
the number of classes is unknown, e.g. for grouping of
behavioral traits from DNA.

45 45
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Projection Pursuit

What Structure is Interesting?

C Principal component analysis (PCA):
Maximize the data variance along the projection

C Independent component analysis (ICA):
Maximizes statistical independence across projections

C Linear Discriminant Analysis (LDA):
Maximizes the relative separation between group means

Projection pursuit generalizes these ideas into a common method,
where an arbitrary function on projections is optimized.

46 46



