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Probability Density Function and Regression

A signal y can be estimated through regression y=f(X by taking the expectation
over the conditional probability of p on X, for a choice of parameters for p:

¥=E{p(yl Y}| |yi R, xIR®

Last week, we saw one way to estimate p through probabilistic regression
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Recap: Probabilistic Regression

In probabilistic regression (seen last week), we had:

Query point

Training datapoints and noise are given Open parameter of the model
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Recap: Probabilistic Regression

In probabilistic regression (seen last week), we had:

= E{ p( yl X(ws, 3}

Becomes a function of the pairs of training
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Open parameter of the model

datapoints (X, y)
/ _——

Compute maximyim a posteriorstimate of w:

w =E{ p(wi(y: X} =7(s* xX +W1'§'1 Xy
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Recap: Probabilistic Regression

The Probabilistic Regressive Model is finally given by:
p(yl = G- XA Xy K A G
CS =

1
with A" =— XX' + §
S

Becomes a function of the pairs of training
datapoints (X, y)

/

Compute maximyim a posteriorstimate of w:

w =E{ p(wi(y: X} =7(s* xX +W1'§'1 Xy
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Probability Density Function and Regression

A signal y can be estimated through regression y=f(X by taking the expectation
over the conditional probability of p on X, for a choice of parameters for p:

¥=E{ p( vl X}

Probabilistic regression estimates a linearregressive model.
If y=Ff(x) follows a non-linear function f, the density p can be estimated through non-
linear statistical methods. There exist several of these.

In this class, we will see two ways in which non-linear regressive model can be estimated:
1) Mixture of Gaussians
2) Support Vector Regression
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Gaussian Mixture Regression
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To perform non-linear regression with GMM, one first estimate the complete
joint density across all datapoints:

1) Learnp(x,y)

2) Compute the condition&{p{/|x)}to get the regressive model

This is referred to as a generative model.

A It provides more information than models that directly compute p(y|x).

A It allows to query also for the X given y, i.e. to compute p(X]y ).

A If Xis multidimensional, this equates to compute the conditional on any of
the dimension of X i.e.

GiVe”IO(y,X) andxi R" , one can take the conditibon:
(X1 %, %% ) o H X X, %, LY, etc

In Mldemos, you have to pick manually the subset of dimensions on which you want
to perform the regression for your dataset!
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Gaussian Mixture Regression

1) Learn a GMM modeb( x y)
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Gaussian Mixture Regression

1) Learn a GMM modegb( x y)

Recap: Building a Gaussian Mixture Model composed of KGaussian functions
K

p(xy)=aa @xym'p  withf xy:'m)a N m)
i=1

m.,a': mean and covariance matrix of Gaussi;

Parameters are learned through Expectation-maximization.
Equivalent to computing maximum a posteriori value of the parameters
in probabilistic regression.
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Gaussian Mixture Regression

1) Learn a GMM modeb( x y)

Recap: Building a Gaussian Mixture Model composed of KGaussian functions

p(x,y)=i'a:@®(xy/ﬁ B with g x,y;'m')a Ne' m)

m,a': mean|and covariance matrix of Gaussia

K
Mixing Coefficients @ &; =1
i=1
M
Probability that all M datapoints were generated b _ : »e i
e P 8 Vla, =p(i) A p(ilx)
aussian I ")

10
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Gaussian Mixture Regression

The regressive model is obtained by taking the conditional p(y|x) from the joint
model p(x,y):

p(ylx=ab6(x &yl xm'p

with

Probability that all M datapoints
were generated by Gaussian i:

a, = p(i) :g:l p(i|x')

The factorsT give a measure of the relative importance of each subregressive
model.
They are computed at each query point similarly to weighted regression!

11
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Gaussian Mixture Regression

The regressive signal is then obtained by computing E{p&,y)}:

12



APPLIED MACHINE LEARNING —2011-2012

Gaussian Mixture Regression

Computing the variance var{p(x,y)} gives also crucial information:

v p(y ¥} =a w() omO) (+)9 aw(y t ¥

13
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GMR: Sensitivity to Choice of Kand Initialization
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GMR: Sensitivity to Choice of Kand Initialization

Fit with 4 Gaussians
Uniform initialization
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GMR: Sensitivity to Choice of Kand Initialization
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GMR: Sensitivity to Choice of Kand Initialization
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Support Vector Regression

Assume a nonlinear mappirfy  , 3.t f(X)

How to estimaté to best predict therpafitraining points{ X y‘}

i=1,.M

How to generalize the support vector machine framework for classification
to estimation of continuous functions?

1. Assume a non-linear mapping through feature space and then perform
linear regressioin feature space

2. Supervised learning — gradient descent on an error function.

A First determine a way to measure error on testing set in the linear case!

18
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Support Vector Regression

b is estimated as in SVM through
Iy leastsquare regression on support
Vectors; hence we omit it from the
rest of the developments .

Assume a linear mappinfy , it f(x) fw X,

How to estimatev and to best predict fyair of training points{ X Y}

i=1,.M

y="f(x) 1t

Measure the error on prediction

—— ] el
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Support Vector Regression

Set an upper bound on the ereor and
consider as correctly classified all pts
suchthatf x ) y te,

The e-sensitive loss function:

c:=|f (x)- W, :max{Olf(x) y e},

We will penalize only for datapoints thare
not contained in the -tube.

20
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Support Vector Regression

f(x)=(wx +b The e-margin is a measure of the
4 width of the e-insensitive tube and
hence of the precision of the
regression.

A small | |w]| | corresponds to a small
slope for f. In the linear case, f is more
horizontal.

e-margin

(-
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f(x):‘

A

(-
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Support Vector Regression

(w, x) 4

A large | |w]| | corresponds to a large
slope for f. In the linear case, f is more
vertical.

The flatter the slope of the function f,
the larger the e margin

A To maximize the margin, we must
minimize the norm of w.

[
»

e-margin

22



APPLIED MACHINE LEARNING —2011-2012

Support Vector Regression

This can be rephrased as an optimizatioder constrain

problem of the form: Need to penalize

points outside the |
e-insensitive tube. |~

(minimize Z N

i§<w,xi>+b -y &
subject toj

Tyi-<vv,><'> -b &

Qi =1,..M /

23
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Support Vector Regression

Introduce slack variables X
Need to penalize

points outside the

M . » //
/minimize %”\an +£a (Xi + » e-insensitive tuf)x?;//

1'e'<w,xi>+b -y @& A

24
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Support Vector Regression

Introduce slack variables X

All points outside
the e-tube P
1 C M } become Support |
/mlnlmlze §||W||2 tya (Xi + » Vectors
i=1

wx)rb-y @ A
subject toi y -(wx)-b @& X

*

I
A)(iZO’ 2(20
N | /

We now have the solution to the linear regression problem.

How to generalize this to the nonlinear case?

25
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Support Vector Regression

Map X through feature space and then
perform linear regression in feature space.

Linear Case:

y=f(x) gwx b

Non-Linear Case:
x- f(x)

y=f(f(x) gw £x) &

/

The parameter W lives in feature space

26
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Support Vector Regression
In feature space, we obtain the samest@med optimization probler

minimize%”w”z +MC§1 (% + X
?<Wf(xi)>+b-y te +x
y - (wt(x)) -b ¢ b
x20, x?20

subject to :

T
|

27
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Support Vector Regression

Again, we can solve this quadratic pril by introducing sets
Lagrange multipliers and writing the Liagpgian :

L(wx, %)= S + S8 (% )x 2 & pix)
_i.a;lai(EJriXyi (w (%)) b)

-%af(e{xy‘ <w ()f)> )

28
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Support Vector Regression

I Requiring that the partial derivatives are all zero

Low (g ) ) o

E

— And replacing in the primal Lagrangian, we get the Dual optimization

problem: & 1 M |\
maxl M
a,a,II\ a:.l( 13 + % -Iay( ,+)a

subject to%(a:- a) =0 and a ,'a g % | 2
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Support Vector Regression

The solution is given by:

Linear Coefficients If Gaussian Kernel,
(Lagrange multipliers M Gaussians centered on
for each constraint) each training datapoint.

30
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e- SVR: Effect of Hyperparameters

Poor fit with C=10

31
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e- SVR: Effect of Hyperparameters

Better fit with C=100

32
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e- SVR: Effect of Hyperparameters

Even better fit with C=1000

33
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e- SVR: Effect of Hyperparameters
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Effect of the kernel width on the fit. Here fit using C=1000, e=0.01, kernel
width=0.01 (left) A Overfitting
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e- SVR: Effect of Hyperparameters
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Looser fit when increasing the kernel width kernel width=0.1 (left).
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e- SVR: Effect of Hyperparameters
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Reduction of the effect of the kernel width on the fit by choosing appropriate
hyperparameters. Gaussian SVR fit using C=100, e=0.03, kernel width=0.1
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Support Vector Regression: N-SVM

As the number of data grows, so does the
number of support vectors.

M- SVR puts an upper bound on the
support vectors

37
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Support Vector Regression: N-SVM

Determine the appropriate value for the precision € can be
difficult A n-SVM

m|n -nr LY under constraints
iz’ 6L g
y! (wT 0¥ b) r2oX

rz0, 0¢n ¢.

The margin error is given by all the datoints for whichx > O.

n i1s an upper bound on the fraction ding error ad a lower bound on th

fraction of support vectors.

38
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n- SVR: Example
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Effect of the automatic adaptation of e using N-SVR
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n- SVR: Example

Added noise on data

Effect of the automatic adaptation of e using N-SVR

40
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SVR application: gaze tracking

A Designed for children from 1 year of age

A Fruit of 3 years of development
Lorenzo Piccardi, Jean-Baptiste Keller, Martin
Duvanel, Olivier Barbey, Karim Benmachiche,
Dario Poggiali, Dave Bergomi, Basilio Noris

A 2 cameras, 2 microphones, 1 mirror
96° x 96° field of view, 25Hz / 50Hz, 180g

EETTTWY L
2 . P

gl |

www.pomelo-technologies.com

(-
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Application SVR: Mapping Eyes to Gaze

B. Noris, J.-B. Keller and A. Billard. A Wearable Gaze Tracking System for Children in

Unconstrained Environmentsnt. journal of Computer Vision and Image Understanding, 2011
42
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Application SVR: Mapping Eyes to Gaze

43
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Application SVR: Mapping Eyes to Gaze

) ®

m @@

®

Use Support Vector Regression to learn the mapping from eyes
appearance to gaze coordinates.

44
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Application SVR: Mapping Eyes to Gaze

We normalize the image through high-pass filtering

We collect images of the eyes and directions of the gaze.

© + + + +

O, ©
©

Learn mapping Eye Image A Position in Image through
Support Vector Regression (SVR)

45
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Application SVR: Mapping Eyes to Gaze

Different elements give different cues

— m—>-

Wrinkles, Eyelids and

Support Vector
Eyelashes PP

Regression

46
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Monitoring
Consumer Behavior

Pomelo Sarl
Rue du Simplon 6
CH-1006 Lausanne

www.pomelo-technologies.com
47
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F
_ _ 8om-
Moni tori ng Consumer s S

From
object recognition using
Eye tracking

To reconstructing path
In Shop

48
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Gaze tracking using SVR Object detection using SVM




