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Optimal Linear Classification
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 Which choice Is better?
 How could we formulate this problem?
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(W, b)

Linear Classifiers |
X > f > yest

f (xw,b)= sgn(( W, %) +t)

* denotes +1

° denotes -1

How would you
classify this data?
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(W, b)

Linear Classifiers |
X > f > yest

* denotes +1

° denotes -1

How would you
classify this data?
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(W, b)

Linear Classifiers |
X > f =yest
fhswb) =sgn((w.3 +4

* denotes +1

° denotes -1

Gz, e
. ° // o Any of these
/// would be fine..

..but which is
best?
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Classifier Margin

X

* denotes +1

° denotes -1

l

(W, b)

f

> yeSt

f(xw b) =sgn((w,% +)

Define the margin
of a linear
classifier as the
width that the
boundary could be
Increased by
before hitting a
datapoint.
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(W, b)

Classifier Margin |
X > f " yest

* denotes +1 1 (X; Wi b) = ng‘(( W’)§> +t)

> denotes -1 ) The maximum
- margin linear
< classifieris the
. ° linear classifier
. with the maximum
o margin.

This Is the
° o simplest kind of
SVM (Called an
LSVM)

Linear SVM




MACHINE LEARNING - 2012 m

- : W, b)
Classifier Margin |
X . f > yest
f (X, w, b) = wW,X +
* denotes +1 ( ’ ’b) ng‘(( ’)§> k)
° denotes -1 ._ . ) The maximum
R margin linear
- - < classifieris the
/. - L ° linear classifier
Support Vectors?” « ~~— with the. um
are those * ° ° o . b
datapoints that ° . maximum margin.
the margin .0 This is the
QEZ?nej P ° o simplest kind of
SVM (Called an
LSVM)

Linear SVM
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Determining the Optimal Separating Hyperplane

(w,x)+b 0

What is the distance from a point x to the hyperplane
<w,X>+b= 07?
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Determining the Optimal Separating Hyperplane

x'st(wx)+ b =0

(wox- %) {wx) (w3,

(w,x- xX) = b (wx.

. Projection of x-x' onto w:
oofwx) b (WX bow

WE W

unitary vector

(w, %)+
v

Distance to hyperplarre




Determining the Optimal Separating Hyperplane

*Class with label y=+1

° Class with label y= -1

The margin on either side of the hyperplane satisfy <W, X> +b =T



Determining the Optimal Separating Hyperplane

*Class with label y=+1 Two points on either side ¢

° Class with label y= -1 the margin:
<w, x1>+ b =+
°<W, x2> +b =1

Y <W,(X1- x2)> =2

V- =

||W||

The margin between two classes is at least 2/||w||.



Determining the Optimal Separatimtyperplane

Separating condition is measured|Jf)vz><7|t| .

To maximize this condition is equivalet minimizing @ |

2
Better even is to minimize the convexﬁo@.
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Determining the Optimal Separatimtyperplane

Finding the Optimal Separatidyperplangurns out to be
an optimization problem of the following form:

N+1 parameters (N: dimension of data)
M constraints (M: nm oflatapoint$
It is called thgorimal problem.




MACHINE LEARNING - 2012 m

Determining the Optimal Separatiktyperplane

Rephrase the minimization under constraint problem in terms of the
Lagrange Multipliers a;, i =1, ..., M (M, # of data points), one for each of
the inequality constraints and we get the dual problem:

L(wba)t 2l a a(y((wx) 4§ 3

with a, 2 0

(Minimization of convex function under linear constraints through Lagrange gives the optimal solution)
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Determining the Optimal Separatiktyperplane

The solution of this problem is found when maximizing over a and
minimizing over w and b:

az2o w, b

max( minL(w b a))

where

L(wba)t 2l 2 a(y((wx) 4§ 3
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Determining the Optimal Separatiktyperplane

Requesting that the gradient of L vanishes with w.

UL (w,b,a) 0 0
LW

The vector defining the hyperplane
IS determined by the training points.

Note that while w is unique (minimization of convex function), the alpha are not unique.
Y A
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Determining the Optimal Separatiktyperplane

Complete optimization problem:

L (w, b, ; M .

H (W a) =0 U w 3ayx (Dual feasibility)
MW i=1

L (w, b, Lo .

uL (w,b,a) =0 U 3ay =0 (Dual feasibility)
b =1

L (w,b,a)

¢0 Uy ({wx) +) 1 (Primalfeasibility)
ua

KarushKuhn-Tucker conditions:

a (yi (<w x’>+ b) -1) = " 1,7M (Complementarity cotidns)
a. 20, "I A,M
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Determining the Optimal Separatiktyperplane

Feasibility conditions from KKT requira. 2 O for all points x
for the primal constraints to be satefi

y (<W x‘>+ b) 2]

T~

Points correctly classified

KarUshKuhn-Tucker conditions:

a (yi (<w x’>+ b) -1) = " 1,7M (Complementarity cotidns)
a 20, "I A,M
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Determining the Optimal Separatityperplane

Thea, ,1= 1M determine the solutions te tonstraints

All the pairs of data pointéxi y‘,) for which >0 are the support vecto

All the pairs of data pointéxi y‘,) for which =0 are "irrelevant”

when computing the margin.

KarushKuhn-Tucker conditions:

a (yi (<w x’>+ b) -1) = " 1,7M (Complementarity cotidns)
a 20, "I A,M
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Determining the Optimal Separatityperplane

Thea, ,1 =1, M determine the solutions te tonstraints

All the pairs of data pointéxi y‘,) for which >0 are the support vecto

All the pairs of data pointéxi y‘,) for which =0 are "irrelevant”

when computing the margin.

Consider 3 cases:
o<y (WT X +b) kX inside the margin
1<y (wT X +b) outside the margin

y' (WT X + b) 0 do not satisfy the constrain



MACHINE LEARNING - 2012 M

Determining the Optimal Separatiktyperplane

The decision function is then expressederms of the
support vectors:

(=sorf(wh +) sofaa o X} 4

To determine how good the hyperplane is
- crossvalidation to get an estimation tle¢ error on
the testing set.
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Non-Separable Data Sets

* denotes +1

° denotes -1

This Is going to be a problem!
What should we do?
ldea :

Introduce some slack on
the constraints



Support Vector Machine for neseparable dataset:

The constraints are relaxed by
introducing slack variableg i= 1M.

* denotes +1

° denotes -1

yl(WT(")<1 b) 12 x; ; X 02

yz(WTC")<2 b) 12 x,; x 02 ¢ .

yM(WT(")<'V' b) 12 xp, % 02
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i
Support Vector Machine for neseparable dataset:

The objective function gives a pena
for too large slack variables:

. al, .2
o+ e

Find a trade off between maximizin¢ _ °
the margin and minimizing the
classification errors.

* denotes +1

° denotes -1

[-O: Ot

C weights the influence of the penalty term
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Support Vector Machine for neseparable dataset:

Optimization under constraint problemtog form:

0
e S8t §
u.C.
yj (WT O(J 'b) 12 XJ-,
X2 0 " j=1,..M

J



Support Vector Machine for neseparable datasets

The Dual Form is given by:

1 o
max, (a)t & @ 5 & @y (% %)
a | ]
Subject to th C N~
ubject to these oA A T
constraints: O¢ai M 1=.M a UJ' y_o

The hyperplane has the same solution

Moo
w=aq U
=1

]




Support Vector Machine for neseparable datasets

Support Vectors| " j:a (yi (wT W b) (1— g@) 0

|

a, = 0 for non -support vectors

* denotes +1

denotes '1. a; , 0 for support vectors

|

wau&x

Decision boundary IS
determined only by those
support vectors !
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Non-Linear Classification

What if the points in the input space cannot be separated
by a linear hyperplane?



High Dimension Mapping

Motivation: Linearly inseparable problem become linearly separable in
higher dimension space.

(€1, @2) =+ (21, 22, 23) 7= ($%\/§$1$z:1?%)
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Kernellnduced Feature Space

ldea: Send the data X into a feature space H through the nonlinear map 7 .

X =




Kernellnduced Feature Space

ldea: Send the data X into a feature space H through the nonlinear map 7 .

x={x 12} sr(X) ER).n ()

While the dimension of the original space is N, the dimension of the
feature space may be greater than N!

C Xis lifted onto H

Determining f is difficult A Kernel Trick



MACHINE LEARNING - 2012

The Kernel Trick

In most cases, determining the transformation f may be difficult.

Linear SVM computes an inner product across pairs of observations:

%X

\
The decision function:

f(x)=sgr({ w3 + :s.g%‘ai @ £

Ci=1




The Kernel Trick

In most cases, determining the transformation f may be difficult.

Linear SVM computes an inner product across pairs of observations:

*x)

No need to compute the transformation f, if one expresses everything as
a function of the inner product in feature space

A the kernel function: Metric of similarity across datapoints

k: X3 X - R May extractye features
(2. )- (%), £%)).
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Non-Linear Classification with Support Vector Machines

The decision function in linear class#ition with SVM was given b

F(x)=sar{( w3 +1 %gga a o x3

1o

Replace linear plane in original spaee x) + b

by linear plane in feature space: anal £ %)+ E

The decision function becomes:

F(9=sarl({wr(3) +h & a¥{ (% (% b
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Non-Linear Classification with Support Vector Machines

(%)= (F(%). £%))

Use the kernel trick by exploiting the fact that the decision function
depends on a dot product in feature space

The decision function becomes:

f(x):sgr(<wf(>)> +l§ %1 al b
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Non-Linear Classification with Support Vector Machines

The optimization problem in feature space becomes:

II\{I 1 Mll 1 1
maxL(a)=a 7 -~ & ia,-viy
4 =1 ij 2 Kernel

subjecttoz, 2 Oforal =1,M angd @' =

f(x):sgrgaa l«(xx +b

Kernel
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Non-Linear Classification with Support Vector Machines

The offset b can be estimated from theTKconditions.
Best is to compute the expectation over constraints and hen
to compute an estimate lof through regren:

1-O: Ot
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How to read out the result of SVM

Example: SVM with Polynomial of Degree 2

2
Kernel: K(.?',,J’r,) = [% ‘«%j+ 1]

plot by Bell SVM applet

Color gradient
= distance to
the hyperplane

Hyperplane

> Support vectors
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How to read out the result of SVM

The margin

Hyperplane

Support vectors

Figure 3. Example of an SV dassifier found by using a radial basis function kernel (Equation 8). Circles and disks are
Iwo classes of training examples; the solid line is the decision surface; the support vectors found by the algorithm lie
on, or between, the dashed lines. Cobors code the modulus of the argument Zr_ v kix,x; )+ b of the decsion
function in Equation 10.
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Thehyperparametersf SVM

SVM decision function:

aV 3
f(x) =sgngfl & +h g

The kernel has several open parameters (Hyperparameters)
that need to be determined before running SVM

HX' XH lKerneI width
92

Gaussian kernek(x x)= e >° s IR

Order of the polynomial

v
Inhomogeneous polynomial kernkl; x x)z'((x X)) +d)p p N, d©

Usually d=1 /




weweee-se e
Thehyperparametersf SVM

C that determines the costs
associated to incorrectly classifying
datapoints is an open parameter of
the optimization function

[-O: O

X
W, X M j=1"]

a1, 2 (O
nW%ng+ a;

u.cC.
yj (WT O(J 'b) 12 Xj-,
X20 " E1.M



Non-Linear Support Vector Machines: Examples

$ MLDemos = O] x|

File Edit Plugins Help

o gkl s 12/ %,

MNew Load Save Algorithms ~ Compare Clear Model  Clear Data Drawing Save Screenshot | Display Options | Info/Statistics

] {0875 075 ‘0.625 0.5 {0375 1025 L0125 D D125 025 0375 05 0625 075 0875 1

[standard = xt 1 =Hx2]2 = size |0 =
samples: 345 (0:111]x:234) | x: 0.699 y: -0.157 | value: 1.0000 Y
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Effect of the penalty factor C

9 MLDemos -0 x|
File Edit Plugins Help

Mew Load Save Algorithms ~ Compare Clear Model Clear Data

Drawing Save Screenshot | Display Options | Info/Statistics

9 {0.875 075 0.625 0.5 (0375 025 L0125 D 0125 D25 0375 05 D625 D75 0875 1
[standard = xt[1 Hx2|2 = size [0 =

RBF kernel width=0.20; C=1000; several misclassified datapoints




Effect of the penalty factor C

$ MLDemos I [m] 7

File | Edit Plugins Help

:%‘ ,H‘h" il i ;'i’/ ' !|:

Algorithms  Compare | Clear Model Clear Data Drawing Save Screenshot | Display Options | Info/Statistics

o1 (0875 075  L0.625 0.5 (0375 Loas 0375 05 D625 D75 0875 i

[Standard =l x11 Hx 2 = size |0 =

RBF kernel width=0.20; C=2000; less misclassified datapoints
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Effect of the width of Gaussian kernel

$ MLDemos
File Edit Plugins Help

New Load Save Algorithms ~ Compare | Clear Model Clear Data || Drawing Save Screenshot | Display Options | Info/Statistics

@@"" o @..r
©@%§)
" 5@
©O©® - ® 2

[standard -] x1 | 3 x22 3 sizeo 3

samples: 345 (0:111|x:234) | x: 0.764 y: -0.452 | value: 0.0000

RBF kernel width =0.001; C=1000; 113 support vectors out of 345 total nm of datapoints




Effect of the width of Gaussian kernel

$ MLDemos : =0] x|
File Edit Plugins Help
—‘a% LV -—

New Load Save Algorithms  Compare | Clear Model Clear Data Drawing Save Screenshot | Display Options | Info/Statistics

|standard | x1|1 33 x2 |2 32 size IO 3:
4

RBF kernel width =0.008; C=1000; 64 support vectors out of 345 total nm of datapoints



MACHINE LEARNING - 2012 %

Effect of the width of Gaussian kernel

9 MLDemos ! =[O x|
File Edit Plugins Help
= A ’N_
3 / o
—ne ‘a‘;f;" v
New Load | Algorithms  Compare Clear Model Clear Data Drawing Save Screenshot | Display Options | Info/Statistics

-0.375

-0.25
O

-0.125 o
N
O
O

0 Q
(o]
(o]

0.125 OF—— . =
O
O

R e R W

[0 55 74000 S S SO SO SO SO <-4 @ @y N\ e e N

i .0.875 075 0625 05 0375 025 -0.125 i 0. 0.25 0.5 0625 075 0875 1
| standard ~x1 |1 ﬂ x2 ]2 j size |O :I
samples: 345 (0:111[x:234) | x: 0.640 y: -0.437 | value: 1.0000

Y |

RBF kernel width =0.02; C=1000; 33 support vectors out of 345 total nm of datapoints



Different optimization runs end up with different solution

$ MLDemos — O] x|

File Edit Plugins Help
By 4 .'I
TARCTIN B

Drawin Cown Ceeannchat L fsplay Options | Info/Statistics
- 2 { save Screenshot | py. it - L -

L

Algorithms ~ Compare Clear Model Clear Data

I - | e

—1 ?—0.8?5 ?—D.?S ?—0.625 —05 ?—0.3?5 ?—0.25 ?—0.125 ;
[standard = x|t =Hx|2 = size |0 =

Save the current image to disk

| N

Several combination of the support vectors yield the same optimum




Different optimization runs end up with different solution

$ MLDemos — O] x|

File Edit Plugins Help
. Vo T = J — |
+ x| ALY |
- Gl — —
Drawing Save Screenshot | Display Options | Info/Statistics

Algorithms ~ Compare Clear Model Clear Data

i 0.875 075 0625 05 0375 025 0. i 0. 0. 0.375 D5 0625 D75 0875 1

|smndara = x|t =Hx|2 = size |0 =

| N

Several combination of the support vectors yield the same optimum
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Support Vector Machine for neseparable datasets

The original objective functior
C . M

al, 2
m]xnggHWH +

[-O: O

Determining C may be difficult in practice
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Support Vector Machine for neseparable datasets

N-SVM is an alternative that optimizes for the best tradeoff between
model complexity (the largest margin) and penalty on the error
automatically.

M ~
O
mm%vv” Val ,XO

subject to y(<w X )+ b) 2r X
and x 2 0,r2 0.
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Support Vector Machine for neseparable datasets

nis an upper bound on the fraction of margin error (i.e.
the number of datapoints misclassified in the margin)

nis a lower bound on the number of support vectors
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Support Vector Machine for neseparable datasets

@% L.... 0000 0 o0

%
@ )

(0] fe) O e,
OOOOOO 2 50 60000 © 0 oomnoooo
0 oa® 0©
o] O o®
0 o g®

n-svm n=0.001, rbf kernel width 0.1
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Support Vector Machine for neseparable datasets

ﬁ% (ch 000 e g o0

%
%O %:b% »

o C o o

%0 00 60000 © 00 0™ &

©000
[o]s) o]
Co (8]
o@D o °© o o 00 ©

Increase in the number of SV-s with n=0.2
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Support Vector Machine for neseparable datasets

' %@@oooo © 00 OtD

.: @'I@@

Increase in the number of SV-s with n=0.9
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Support Vector Machine for neseparable dataset

Increase in the error with n=0.2
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Support Vector Machine for neseparable dataset

Increase in the error with n=0.9




Multi-ClassSVM

Winnertake all approach

To get K- classifiers, one may construdet of K binary
classifiers f ,.....f each trained to segate one class from the re

Then one combines these by doing mukiss classification:

M
argmaxg’ (x), whereg (Y =§ va k( x,X) +b
=1

j=1,..M

and then computing the decision functfdrfx) :sgn( g’ (x))




Multi-Class SVM

$ MLDemos — Ol x|

File Edit Plugins Help

e I

Algorithms | Compare | Clear Model Clear Data Drawing Save Screenshot | Display Options InfofStatistics

‘O

1125 11125 i1 :0.875 :0.75 -0.625 0.5 :0.375 :0.25 :0.125 D 0.125 025 0375 05 0625 D75 0875 1 1.25
[Standard = xi 1 = x2 |2 = size |0 =

samples: 1360 (0:000]x:1360) | x: 0.920 y: -0.201




Multi-Class SVM

$ MLDemos — |0l x|

File Edit Plugins Help

1125 5L 0.875 1 1.125 1.25

| standard =l x |1 32 x2 |2 32 size IO 32




Multi-Class SVM

Drawbacks of combining multiple binary classifiers:

- How to reject an instance if it belongs to none of the classes (garbage
model or threshold on minimum of associated g function; but difficult to
compare the scale of each g functions)

- Asymmetric classification (some classes have many more positive
examples than others); one can play with the C penalty to give a relative
Influence as a function of the number of patterns, e.g. C=10*M.

Alternative is to compute all the classes as part of the optimization
function. Performance seem however comparable to one against all

optimization (Frank & Hlavak, Multi-class support vector machine, 2002; J. Weston
and C. Watkins. Multi-class support vector machines, 1998.)




Summary: What is SVM?

« Arecently developed learning system (in early 90’s, by Vapnik and his
coworkers), which could be applied in classification ‘and regression;

* |t does the following:

— map original input space to higher dimension feature space, which
IS Implemented implicitly by kernel function, such that “linear
decision boundaries constructed in the hlgh dimensional feature
space correspond to nonlinear decision boundaries in the input
space’;

— In feature space, an optimal separating hyperplane is constructed,
which could be determined by solving an optimization problem,;

— Lagrange multipliers and dual theory can then be applied to
convert this optimization problem into a convex quadratic program
subject to linear constraints.

« Advantages:
— Better generalization
— Global optimum



wereewwee . e
Summary: When to use SVM?

SVM have wide range application for all type of data (vision, text,
handwriting, etc).

SVM is very powerful for large scale classification. Optimized
solvers for the training stage. Rapid during recall.

One issue is that the computation grows linearly with number of
SV and the algorithm is not very sparse in SV.

Another issue Is that it can predict only two classes. For multi-
class classification, one needs to run several two-class classifiers.



